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Abstract
A quantitative characterization of the relationship between molecular sequence and structure is essential to improve
our understanding of how function emerges. This particular genotype-phenotype map has been often studied in the
context of RNA sequences, with the folded configurations standing as a proxy for the phenotype. Here, we count
the secondary structures of circular RNAs of length n and calculate the asymptotic distributions of dierent structural
moieties, such as stems or hairpin loops, by means of symbolic combinatorics. Circular RNAs dier in essential ways
from their linear counterparts. From the mathematical viewpoint, the enumeration of the corresponding secondary
structures demands the use of combinatorial techniques additional to those used for linear RNAs. The asymptotic
number of secondary structures for circular RNAs grows as ann 5=2, with a depending on particular constraints ap-
plied to the secondary structure. As it occurs with linear RNA, the abundance of any structural moiety is normally
distributed in the limit n! 1, with a mean and a variance that increase linearly with n.
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1. Introduction
Notwithstanding the important role that selection has
traditionally played in evolutionary theory, evolution
is not possible if selection has not variation to act
upon. Thus mutations —widely understood as im-
perfect replications— are the fuel to evolutionary dy-
namics. But mutations act at the level of the geno-
type whereas selection acts at the level of the pheno-
type —the physical manifestation of the genotype—
, and the translation from one to the other —the so-
called genotype-phenotype (GP) map— is far from triv-
ial [1]. Most mutations have no eect on the pheno-
type (they are neutral), whereas occasionally a mutation
has a dramatic (mostly deleterious but sometimes ben-
eficial) phenotypic eect. Thus, evolutionary dynamics
is critically aected by the structure of the GP map [2].
Understanding the GP map is a challenge for the evo-
lutionary community, overall because addressing this
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problem in real systems is of an overwhelming com-
plexity. Accordingly, several simplified models have
been studied to gain insights into this dicult issue [3].
Computationally tractable models incorporate only a
few levels among those involved in an actual GP map.
They have considered protein folding [4, 5] or protein
aggregation [6] at basic molecular levels, and gene-
regulatory [7] or metabolic [8] networks at higher func-
tional levels. Recent models encompass dierent levels
at the same time [9]: In contrast with simple sequence-
structure GP maps, the inclusion of dierent levels from
genotype to phenotype permits the emergence of prop-
erties such as environment-dependent molecular func-
tion.
Pioneer among those models was the folding of se-
quences of RNA into their secondary structure —taken
as a proxy for function [10, 11], which likely represents
the most studied GP map to date. Folding is driven
by base pair stacking mainly and also by the formation
of hydrogen bonds between CG, AU, and GU base pairs,
and the secondary structure of the molecule is deter-
mined by its minimum free-energy configuration. De-
spite its apparent simplicity and the inherent impossi-

























bility to capture all features of natural GP relationships,
RNA sequence-to-secondary structure maps have prop-
erties shared by all GP maps studied to date, as the rela-
tionship between the number of genotypes yielding the
same phenotype and the neutrality of the latter [12, 13].
An important question in characterizing this GP map
is how many dierent secondary structures an RNA
molecule n base pairs long can form. That problem
was solved long ago, with the help of recurrence equa-
tions and subsequent generating functions, for several
variants of the model [14, 15, 16]. Asymptotic expres-
sions were provided when n is large under dierent con-
straints imposed to the secondary structure —such as
having a minimum number of unpaired nucleotides in
hairpin loops or stems of a minimal given length. An-
other relevant question, which represents a step forward
in the relation between structure and function, is how
many secondary structures present particular structural
moieties [17, 18]. A prominent example is that of short
sequences with hairpin loops, which have been shown
to act as ribozymes with ligase catalytic activity under
general conditions [19]. This undemanding phenotype-
to-function map could have been essential in the emer-
gence of RNA molecules with complex activity in a pre-
biotic RNA world [20]. Beyond characterizing the GP
map, having closed-form expressions for the number of
RNA structures with specific structural moieties is im-
portant when comparing structure formation by natural
sequences with that of shued versions of the same se-
quence [21, 22].
The distribution of the number of dierent structural
motifs (stems and hairpin loops among others) in the
limit of n large has been shown to converge to a Gaus-
sian in the limit of large n [23, 24]. Two dierent
techniques employed to reach that goal are symbolic
methods introduced in modern combinatorics [25],
as in [23], and Knudsen-Hein stochastic context-free
grammars [26], as in [24]. In an exhaustive work [23],
Reidys tackled in depth the properties of RNA folded
structures bearing a type of tertiary interactions known
as pseudoknots. The functional form of the number of
structures with pseudoknots as a function of sequence
length n is of the general form ann b, with a 2 R+
and b 2 Q+ —their values depending on restrictions
put on the folded structure. An important constraint
is the complexity of pseudoknots, which conditions
the mathematical description of the problem. Specifi-
cally, folded RNA molecules are first reduced to a core
skeleton containing information only on the pseudo-
knot architecture of the fold. Generating functions for
the number of possible alternative core structures with
the previous architecture are derived and, subsequently,
full folds are recovered by reintroducing stems and un-
paired nucleotides in all possible compatible positions
—through composition of suitably defined generating
functions. Eventually, the total number of structures
with the required pseudoknot properties and other pos-
sible structural constraints is obtained. Further details
can be found in [23]. This tricky procedure for struc-
tures with pseudoknots is not necessary in the case of
plain secondary structures, as we show here. Applica-
tion of symbolic combinatorics to the latter case serves
as an introduction to the calculation of the number of
secondary structures for circular RNA sequences. As
will be shown, particular properties of circular RNA de-
mand the introduction of combinatorial techniques be-
yond those needed to enumerate open RNA sequences
—with or without pseudoknots.
Circular RNAs form covalently closed continuous
loops with specific properties that distinguish them from
linear RNAs. Among others, circular RNAs are small
and non-coding in most cases, and have higher resis-
tance to exonuclease-mediated degradation and higher
structural stability. Viroids, first described half a cen-
tury ago [27], are a relevant example of circular RNA.
These pathogenic, naked RNA molecules of a few hun-
dred nucleotides in length infect plants, occasionally
causing strong symptoms. The mechanisms implied in
cell entry, replication and propagation are still partly
unknown. Viroids present secondary structures with
highly conserved regions that fall within two structural
classes: rod-like and branched folds. The secondary
structure of viroids plays an essential role in chemical
function [28] and acts as a buer to control the structural
eect of point mutations [29]. Virusoids are another
class of circular RNAs that depend on helper viruses
for replication and encapsidation. They are related to
viroids, though virusoids code for some proteins. Two
interesting examples in this class of hyperpathogens are
Hepatitis delta virus [30] and the smallest known circu-
lar RNA in the viroid-virusoid class, with 220nt [31].
As in viroids, the secondary structure of virusoids is
highly compact and constrained by function. Circular
RNAs encoded in animal genomes, on the other hand,
are currently a hot topic [32]. Indeed, recent studies
report a previously unsuspected abundance of circular
RNAs, which awakes the hunch that they must play
main functional roles in the cell [33]. While some of
those circular RNAs have gene regulatory activity, the
function performed by thousand of others is as yet un-
known [32, 34]. Therefore, a theoretical understanding
of the structural diversity of secondary structures of cir-
cular RNAs appears as a timely endeavor, further con-
















































































































































































































































































































































































































































































µ0+On−1 andstandarddeviationσn = σn1/2+
σ0n−1/2+On−3/2.Theprecisevaluesdependonsand
m.Fors=2,m=3weobtainµ≈0.286472...,










































































































































































































































































































n #struct. n #struct. n #struct.
10 1 20 105 30 20423
11 1 21 166 31 35091
12 3 22 287 32 60838
13 3 23 486 33 105169
14 6 24 816 34 182728
15 7 25 1364 35 317068
16 14 26 2368 36 552059
17 20 27 4011 37 961008
18 38 28 6972 38 1677222
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